For a class of primes p = 1 (mod 20) for which 2 is a quintic nonresidue, unambiguous evaluations of parameters of bidecic Jacobi and Jacobsthal sums (modp) 
Introduction; decic sums
Throughout this note, p = 1 0 / + 1 is prime. (In Section 2,/will be assumed even.) Fix a primitive root g (mod/?) and a character x(mod/>) o f order 10 such that %(g) == e 2ni/10 . For characters X,n (mod/?), define the Gauss sum »i and the Jacobi sums
J(X, n) = " f X{ri)//(I -n), J{X) = J{X, X), K(X) = 1(4) J(X).
As is well known (see Ireland and Rosen (1972), p. 93) (
1) G{X)G(I) = X(-\)p, J(XJ) = -X(-1) and G(X) G(ji)/G(Xn) =
when X, n and X/i are nontrivial. For a # 0 (mod p), define the Jacobsthal sums p where the factors in the summands are Legendre symbols. The following basic 235 [2] formula (Bemdt and Evans (1979a) , Theorem 2.7) expresses Jacobsthal sums in terms of Jacobi sums:
(2) «?"(«) = A ( -l ) f A -+ 1 + a ' ( ) where X has order 2n. It is known (see Berndt and Evans (1979b) , Theorems 3.1, 3.7; Giudici et al. (1972), p. 345; Muskat and Zee (1975) ) that there exist integers a,b,c,d such that
if ind g a s 4 (mod 5), where (a, b, c, d ) to the equations in (5) are essentially unique in the sense that the only other solutions in integers are ± (a,b, -c, -d) , ±(a, -b, -d,c) , ±(a, -b,d, -c) . Lehmer (1959 Lehmer ( , 1960 has given unambiguous determinations of decic Jacobi and Jacobsthal sums in the case that 2 is a quintic nonresidue (mod/?), in terms of the parameters in Dickson's partition (Dickson (1935) , p. 402):
In view of Giudici et al. (1972), p. 345 and Lehmer (1959) , p. 68, the parameters in (5) and (6) are connected as follows:
if ind, 2 s 1 (mod5), * = -a + 5fc-5c-5rf and 16a = -X-25W+10V-20U, 5W=-a + b + 3c-d and 16& = X + 5W+WV, 5V = a+5b+c+3d and 16c = -X+15W+2V-4U, 5U=-2a-2c+4d and 16d = -X-5W+6V+W.
(If 2 is not a quintic residue (modp), we may assume without loss of generality that iad g 2 = 1 (mod 5), by choosing g appropriately.) Relations in (7) can be used to reformulate the above-mentioned results of Lehmer to provide unambiguous determinations of the sums in (3) and (4), as follows. To supplement Theorem 1, we remark that Lehmer (1951) showed that 2 is a quintic residue (modp) if and only if the parameter Xin (6) is even. Thus it follows easily from (7) that 2 is a quintic residue (modp) if and only if 51 b.
In Section 2, Theorem 1 is applied to evaluate the parameters unambiguously in bidecic Jacobi and Jacobsthal sums for certain p=\ (mod 20). Similar evaluations for sums of other orders appear in the literature. For sums of orders 3, 4 and 6, see Lehmer (1955 Lehmer ( ,1959 Lehmer ( ,1960 . For sums of orders 3, 5,7 and 11, see Williams (1979) . (See also the related papers of Leonard and Williams (1976) , Nashier and Rajwade (1977) , Rajwade (1975) and Williams (1975a, b) .) For sums of orders 4, 8, 12 and 16, see Evans (1979) . Finally, ambiguous signs in many different relations between Jacobi sums have been resolved by Muskat (1968) aod Muskat and Zee (1973) .
We conclude this section by discussing the relations between the Jacobi sums By Berndt and Evans (1979a) , Theorems 2.3 and 2.5,
With application of the automorphism in Gal (Q(e 2ni/i0 )/Q) defined by e 2<ri/io _ e 6*i/io > i t f o u o w s f r om (3) and (8) that
Moreover, it follows with the aid of (1), (8) and (9) that
I
As a consequence of (8), (9) and (10), note that a determination of the Jacobi sum in (3) yields determinations of all Jacobi sums J(x', X 1 )-
Bidecic sums
In this section, /> = 20k+l. Fix a character X (modp) of order 20 such that [4] X( g ) = e 2iri / 20 . There exist integers x,y (see Berndt and Evans (1979a) There exist integers u,v (see Berndt and Evans (1979a) , Theorem 3.34) such that where | u | and | v | are uniquely determined by the condition
and where moreover f-*(mod5) i f S J * U ( d 5 ) if 5|x.
It follows therefore from (2) (see the proof in Berndt and Evans (1979a) , Theorem 4.13) that the Jacobsthal sum <p l0 {a) has the values indicated below:
For those a not included above, the values of <p io (a) can be found with use of the easily proved relations
-©
Simple criteria for determining the sign of y in (11) are known in the case that 2 is a quartic nonresidue (mod/>) (Lehmer (1955) ) and also in the case that 2 is a quartic but not octic residue (mod/?) for primes p = 1 (mod 80) (Evans (1979) ). Thus in these cases u is completely determined, by (14) . No simple criterion in terms of ind ff 2 is known in general to determine the sign of v, but in Theorem 2, we will give such a criterion in the case that 51 x and 2 is a quintic nonresidue (mod/?). We remark that the primes p = 20k+1 for which 5 | x are precisely those for which 5 is a quartic nonresidue-this is a simple consequence of the law of quartic reciprocity. with b defined by (3), regardless of whether or not 2 is a quintic residue (mod/?). By Berndt and Evans (1979a) , Theorem 2.5, K(X) = K (X 11 ) , and by (9),
where the last equality follows from (9) It is known (see Lehmer (1966) , Theorem 1; Muskat and Whiteman (1970), p. 198; Lehmer (1972) , Corollary 1.1; Berndt and Evans (1979a) , Corollary 3.35) that 2\u,2Jfv when 5|*. If a were odd, (18) would yield 1 = 5 (mod8). Thus 2\a,2fb.
Then by (5), 21c, 21dand 41a. Therefore b = (-l) k v(mod4) by (18).
